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Spiral wave drift in an electric field and scroll wave instabilities
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Here, | present the numerical computation of speed and direction of the drift of a spiral wave in an excitable
medium in the presence of an electric field. The drift speed presents a strong variation close to the parameter
value where the drift-speed component along the field direction from parallel becomes antiparallel. Using a
simple phenomenological model and results from a numerical linear stability analysis of scroll waves, | show
that this behavior can be attributed to a resonance of the meander modes with the translation modes of the
spiral wave. Extending this phenomenological model to scroll waves also clarifies the link between the drift
and long wavelength instabilities of scroll waves.
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Spiral waves can be observed in a variety of excitablevavelength instabilities of scroll waves, and results obtained
systems such as Belousov-Zhabotinsky déls colonies of  from this model are in good agreement with the results of the
the dictyosteliumamoebag[2], and slices of cardiac tissue numerical linear stability analysis of scroll wavgg.

[3]. In the latter example, spiral waves of electrical activity | begin with describing the results of a numerical study of
have been shown to be the source of ventricular tachycardige spiral dynamics in the presence of an electric field using

and some of their instabilities are believed to be involved inthe Barkley model of an excitable mediuontrary to BZ
the transition from tachycardia to fibrillation, a deadly ar- systemsy is the only diffusive variablg

rhythmia(for a review seg4]). This, with the intrinsic inter-

est of those structures, has led to an important research effort 1
in order to understand the dynamic and instabilities of spiral U= ;f(U'U) +Au+Edu, (1)
waves and of their three-dimensional, analogous, scroll
waves.
In the presence of an external electric field, in the dv =9(u,v), (2

Belousov-ZhabotinskyBZ) reaction, the center of rotation wheref(u,v)=u(1-u)[u-(v+b)/a], g(u,v)=u-v, andE is
of spiral waves drift with a speed that presents componentﬁqe electric field, directed along t,heax,is. A hor;wogeneous

both parallel and perpendicular to the applied fild The . ;
parallel component of the drift speed was always found to bé‘,yst_e'm'modelt'ad by these equations presents a single §table
equilibrium pointu=v=0 and a small perturbation of this

in the direction of the applied field. A numerical stufj S . o
showed that depending on the parameter regime, the driRduilibrium point can lead to a large excursion in phase
direction of the spiral could be either parallel or antiparalle|SPace before return to equilibrium. The diffusive coupling in

to the field. The drift of a spiral wave has been link@Bto  EQ. (1) allows the propagation of solitary waves in one di-
the curvature |nstab|||ty of scroll Wave@]lq that leads mension. In two dlmenSIOnS, in the absence of an electric
scroll waves to bend, and can finally result in a fibrillation- field (E=0), a rich variety of wave propagation regime is
like disordered activity of the medium. It was also linked to observed depending on the values of the param¢i&is |

the three-dimensional meander of scroll wayEq, which is ~ Will focus here on steadily rotating spirals and present results
the three-dimensional analog of the meander instabilityobtained along a line of equatidn=0.13 in the parameter
[12,13 characterized by a periodic modulation of the radiusspace of[17] (along this line no meandering spiral is ob-
of rotation of the spiral wave. This phenomenon has beegerved.

studied from a theoretical point of viey6,8,14,15. How- In the presence of the electric fie{et # 0), the spiral tip
ever, most analytical studies are restricted to the large cordrifts with a constant velocitysee Fig. 1 that depends on
[8] or the small core limif16] and cannot examine the ob- the parameter values and on the electric field strength. The
served change in drift direction. drift velocity has components perpendicular,) and paral-

In this paper, | present results of numerical computationgel (v;) to the field. These velocities vary linearly with the
that show an unexpected behavior of the drift speed at théeld in the smallE limit. This allows us to define the drift
drift direction change. The drift speed varies strongly in thecoefficienta; =v , /E and a;=v,/E [24] in a weak field.
vicinity of the transition. Using a reduced model of spiral Numerical resultg§see Fig. 2 show that close to the tran-
wave in the presence of a small electric field, | show that thissition from antiparallel to parallel drift, the value & for
phenomenon can be attributed to a resonance between meavhich the linear regime is reached is much smaller than for
der and translation modes of spiral waves. Finally, using théhe smalla and largea region. In addition, close to this
analogy between the effect of an electric field and the effecttransition, the dependence of the drift coefficieatsia, in
of a slight curvature of a scroll wave, | extend this model toa is strongly nhonmonotonous. When increasmghere is a
scroll waves. This extension sheds some light on the linkstrong enhancement of the parallel drift coefficient followed
between the drift of a spiral wave in an electric field and longby a relatively sharp transition from parallel to antiparallel
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FIG. 1. Tip trajectories in the presence of an electric fieldd@qual(left to right) to 0.85, 0.91, 0.93, and 0.99 f&=0.03(top) and
E=0.003(bottom). (Other parameter values ane0.13 ande=0.02) The trajectories were recorded for 100 time ufits (top) and 400 tu
(bottom) and are represented in boxes of same spatial extension. The arrows show the drift direction. For parameter @&biend 0.99,
the drift velocity behaves almost linearly with the strength of the filis was checked by performing two simulations, see also Figng

should note that this is enough to check whether the linear regime is reached, since an additionalypaintEs 0) while in the cases
a=0.91 and 0.93 the behavior is still strongly nonlinear.

drift, and finally, the drift coefficients decrease rapidly. Thesociated with the meander mode, dads the amplitude of
behavior of the perpendicular drift coefficient is character-the field directed along the real axis in the imaginary plane.
ized by a strong enhancement close to the valua where In the absence of an electric fiel=0), for <0, the
the transition occurs. These results differ strongly from thesteady state is obtained fa~0 and corresponds to the sta-
results presented if6], where the drift speeds were com- tionary rotating spirak =R, expliwt) at frequencyew,. For
puted using the same parameter values and an electric field> 0, thez=0 solution of Eq(4) is no longer stable and the
of amplitude E=0.3: a monotonic variation of the drift Z variable undergoes a Hopf bifurcation that leads to the
speeds with the parameter values, which is also observe®odulation of the radius of curvature of the tip with fre-
here when using high values Bffor which (see Fig. 2, solid duUency -y, characteristic of meandering spirgtme should
line) the drift amplitude is no longer linear with the field Note that forw=wp, the meander instabilitf. > 0) leads to
amplitude. the drift of the rotating spiral with constant velocity7] for

I now present an ordinary differential equatio(@DE) E=0]. . . . .
model of spiral wave drift in an electric field that explains _ | NOW give some rationale for the terms introduced in Egs.
the strong enhancement of drift coefficients by the resonance) (2 I Eq. (3), the effect of the field can be either inde-
of damped meander modes and translation modes The O gdggttg:ﬂ)]eo:e(allzg\éigr(l)enn'??tllglgr?eft:wheelesszlr?LZr}gtttgre g'aeslg
model IS a modification Of. modell7,19 th‘?‘t reproduces leads to a precessing term that, when integrated over one
the main .feature of the S|_O|ral wave dynamics and has bee iral rotation, vanishes at dominant order. Hence, | have
modn‘!ed.m order to take into account the effects of a small.p,ocen to add only the former term and to disregard the
electric field[19): latter, which would have no effect at leading order. T

f = €*(Ryw, - 2) + BE, 3) Xexp(—i¢) term in Eq.(4) has to take into account that the
field is constant in the laboratory frame, while E¢) is

z2=[p-iwn-(1+ia)|Z]z+ yEE'?, (4) expressed in the frame rotating with the spiral, that is the
laboratory frame rotated op. Therefore, it is necessary to
S add the exp-i¢) factor, which expresses the fact that the

b=, (5) meander mode is affected by the field in a way that depends

wherer is the position of the tip in the complex plafix,y) ~ on the relative orientations of the spiral and of the electrical
in the real plane correspond t®Re,Im in the complex field (in the frame rotating with the spiral the field is rotating
plang, zis a complex variable describing the meander in thewith a pulsation, which is #). No extra term has been added
frame rotating with the spirale+iw,, is the eigenvalue as- to Eq. (5) (also expressed in the frame rotating with the
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w is small (weakly damped meander regimeSecond, the
real part ofy is much smaller than its imaginary part in this
region. Else, the expression of E@) cannot qualitatively
reproduce the behavior observed in Fig. 2. One can check
this statement by looking at the value of the drift coefficient
in the case where/=iv; is imaginary. In this case, the ex-
pression of the drift speed is

Y_ge Yilw — o) iy Yik .
E po+ (o= o)

which well reproduces the behavior presented in Fig. 2 when
wmis small.

It is also interesting to note that the drift coefficient, as
expressed in Eq6) diverges ifu=0 andw,,=wy, that is, at
the codimension two point of the Barkley phase spgca
(notedP herg. This seems unphysical since in the absence of

()

/“2 + (o~ wm)z

an electric field, one can see a perfectly stable spiral. None-
theless, as shown 7], for w,,=w; and x>0 the meander-
ing spiral tip trajectory is the one of a steadily drifting spiral
with a constant finite speed evenBfO0 (this situation cor-
responds to the case of an infinite drift coefficiettence it

is not surprising that the drift coefficient should diverge
when approaching in the stable spiral region.

The following part of this paper will show that these re-
quirements are met. In addition, the link between the drift of
a spiral wave and three-dimensional instabilities of scroll
waves will be discussed. One can determine the valuesg of
and oy, using the linear stability analysis of steady spiral
ger damping of meander modés=0.18. Bottom left: schematic previously described if20] and extended to scroll waves in

of the phase diagram in Barkley’s parameter space. In the regio[f]' AZS seen Iin Fig. ﬁ’wt anq ®m fbecome. equ;’;lll |f0|a
that is left of the dotted line, no spiral waves are observed. On the 0.925(i.e., close to the transition from antiparallel to par-

right-hand side of this line, rotating and meandering spiral wave§’1"eI drift). In addition, for this value of, the damping of

(gray region are observed. The dashed line corresponds roughly té“fa”der mode is reIative_Iy weak. Fin.ally, takjmgOAi _and
wm=w, and the horizontal solid lines correspond to the valuels of B=-0.36-1.3, the behavior of the drift coefficients is well

(0.13 and 0.18for which systematic simulations were performed. @PProximated by the expression of K@) in the vicinity of
Bottom right:v; as a function of log,E for a=0.92 ancb=0.13.E  the transition.

is varying from 0.0001 to 0.3 and the dashed line is of the equation Since the effects of a small electric field on a spiral are
v=9.%. analogous to the effects of the slight curvature of a scroll

wave, it is of interest to consider the three-dimensional ex-
tension of this model. In the following part of the paper, |
will describe the results obtained using this simple model.
The results presented here confirm that the lgwurvature

f the translation mod¢7] is equal to the drift coefficients.

hey will also show that, contrary to what was hypothesized
in [11], the drift coefficients are not equal to the opposite of
the lowk, curvature of meander modes.

First, consider a slightly curved spiral filament. The evo-
lution equations ofi andv are the three-dimensional analog
of Egs.(1) and(2) in the caseE=0. They can be rewritten
using the coordinates, X,Y, wheres is the curvilinear ab-
scissa along the spiral filameff1], X andY are the Carte-
sian coordinates in the plane perpendicular to the filament
(6) (the X axis being oriented along the normal to the filament

Using this coordinate system and assuming a slight curvature

This expression qualitatively describes the behavior of th@f the filament, Eq(2) is unchanged and Eql) reads
spiral drift coefficients in the presence of an electric field as
a function ofa, presented in Fig. 2, if the two following
conditions are met. First, close to the point where the transi-
tion from antiparallel to parallel drift occurs the meanderwherep is the radius of curvature of the filament aagy is
frequency,w,, becomes equal to the spiral frequengyand the two-dimensional Laplacian operator in t6¥ plane. The

FIG. 2. Parameter values ate0.02 andb=0.13. Top lefty/E
for the following values of the applied external field: @s®lid), 0.1
(long dashey 0.01 (short dasheyl 0.001(dotted, 0.0001(+), the
dashed-dotted line is the line of the equatigiE=0. Top right:

v | /E for the same values of the external fieltl,Note that for both
larger and smaller values af(not shown hergv,/E andv, /E are
independent oE for the E range explored here. Note that the curves
for E=0.0001 andE=0.001 are indistinguishable, indicating that
for those values, the drift speed is linear En Hence the dotted
curves also represent, andq;. One should note the very different
shape of the two dotted curves. Similar res@tith a not so strong
drift enhancementwere observed for higher values lofand stron-

spiral), since at dominant order the addition of a term pro-
portional toE exp(—i¢) would only lead to another constant
drift term in Eq.(3) similar to theBE term.

| focus here on the case where steadily rotating spirals ar.
stable(i.e., u<0 and w,, is the frequency of the meander
mode that can be computed by linear stability analy23}
of steady spiralsand describe the effects of a small field in
this situation. At the leading order i andz, Eq.(4) has for
solutionz=A exp(-iwit) with A=yE/[-u+i(-w+w,)]. Us-
ing this expression in Eq.3) leads to a spiral tip drifting
with constant velocity:

N~ i~ )]

E—B.{.
E M2+(wt_wm)2 .

1 1
du=—f(u,v) + Ayyu — ——dxu, (8)
€ p—X
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17 - — 0 : ; der mode shifted of. It is also equal to the drift speddee
1525 [ x>+<>+<f +4 004 b AR | Eq. (6)]. Hence, contrary to what was proposed by Aranson
s 135 &*** ) i' ' . T et al.[11], the curvature of the meander mode is not equal to
+ X - | . the drift coefficients. There is a shifthat can be relatively
1475 |+ x 1 0.08 i
R . small when the parameter values are close to the line where
1085 0'9 0'95 y -0.12 L= . . wn=w;) as shown in Fig. 3. This might come from the fact
' Ta 085 09 095 1 that the parameteg was omitted in Ref[11].
In addition, since the numerical linear stability analysis of
10 ¥ o= I T scroll waves allows us to determiog, o, i, w;, andwy, for
T Ry {* small values ok,, one can extract from Eg$10) and (11)
« o o 07 [ 1 the expressions of the coefficiensand y:
i — TH
ST ll"-._.x,,‘"x'x 1 20 + A B==(km+ Ky, (12)
-10 N —
085 09 095 1 085 09 095 1 .
a a Y= Kl + (0= o], (13)

FIG. 3. Top left: computed frequencies of the meander mode
(X) and of the translation mode+) as a function of the control
parametera (e=0.02 andb=0.13. o, and w; are equal fora
~0.925. Top right: growth rate of the meander mode as a function ke =~ (U @ Tp)/[ (U ®T) + (v, ® VY], (15

of a (other parameters unchangedhe maximal value ofu is h dx th i t f d d
reached foa~0.920. Bottom left: curvatures of the real part of the WRETE Ky and «; (€ respeclive curvatures ol meander an

translation brancheé+) and opposite of the curvature of the real t_ranslatlon branches &=0 and can be expressed as fu_nc-
part of the meander branches) atk,=0. Bottom right: Computed  10NS Of (Un, ), (U, v) and the meander and translation
curvatures of the imaginary part of the translation branches anénodes, (Uy,vy,) are (U,vy) are the corresponding adjoint
opposite of the curvature of the imaginary part of the meandemodes that can be computg2P] and (®) denotes the usual
branches ak,=0. Fora=0.92 and 0.93, the computed values of the scalar product in the frame rotating with the spiral.
curvatures present an uncertainty of order 1 due to the hybridization This method in the vicinity ofw,=w; results in great
of meander and translation modes. The dashed lines in bottom figrariations in the values ofy since it is very sensitive to
ures show the fit obtained using EA.0) for the translation modes possible inaccuracies. However, for valuesacdway from
and a second-order polynomial fit gfa) and 8(a). The fit for the  the transition, one can compute bgsta) and y(a) with a
meander modes is not shown here. good accuracy. They appear then to be smooth functioas of
that can be easily fitted by a second ordeaipolynomial.
-[1/(p—X)]oxu term, at leading order iX/p is equal to 1p. For a close to the transition from parallel to antiparallel drift,
Hence in the new frame, close to the filament, ED.is  the polynomial fits ofB(a) and y(a) take values close to the
affected by the curvature of the filament in the same way it isones used previously to fit the drift speed and using the poly-
affected by an electric fiel&=-1/p. nomial fit in Egs.(10) and(11) one reproduces with a good
Therefore, the three-dimensional extension of theaccuracy the results of the long wavelength linear stability
Barkley-Sandstede model for slightly curved filaments isanalysis of scroll wavegsee Fig. 3. One should also note
given by Egs(3)<5) whereE is replaced by ' and where that Eq.(13), together with the results of the numerical three-
r" denotes the second-order derivativer aflong the axis of dimensional linear stability analysis of scroll waves, give
the filament. For slightly curved filaments), is equal to the  some rationale foy being an imaginary number close to the
opposite of its curvature. A linear stability analysis of thetransition from antiparallel to parallel drift. Indeed, close to
tridimensional ODE model around the steady scroll wavethe transition k., is mainly directed along the imaginary axis
[z=0,ry(z,t) =expiwt)] in the frame rotating with the spiral, in the complex plane and,,~ w, those two results lead tp
i.e., using a perturbation of the formery(z,t)+r,€% k2  peing directed almost along the imaginary axis.
andz=ze""kZ, |eads to the following eigenvalue problem:  To conclude, using smoothly varying coefficiegtand y,
. 5 this model quantitatively reproduces the results obtained nu-
(rl) ~ <—|mt+[3kZ -1 )(r1>

Km =~ (U @ Tr) /[ (U @ Try) + (v, @ V)], (14)

(9) merically when considering both the drift of a spiral wave in
the presence of an external field and the long wavelength
instabilities of scroll wavegmeander and curvatureThe
reduced model brings some clarification on the mechanism

. 04 2 of the drift of a spiral wave in the presence of an electric
o= logt {E’L e+ i(wt_wm)}kv (100 figiq, showing that the change in the sign of drift velocity
parallel to the electric field can be attributed to a resonance
_ v 5 between meander and t_ranslatior_1 modes_ and th_a@ this reso-
Om= M~ oy = m k3. (11 nance leads to a strong increase in the drift coefficients. One
t should also note that despite that the results presented here
These equations show that the curvature of the translatioare formally valid foru<1, the resonance described here
branch is equal to the opposite of the curvature of the mearinfluences the drift speed as a function of parameters for a

4 +E w-ion/\7

whose eigenvalues are at leading ordekin
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wider parameter regime and its effects can be observed | wish to thank Vincent Hakim and Blas Echebarria for

rather far away from the Barkley's codimension two pointvery fruitful discussions. | am also grateful to Wouter-Jan
[see Fig. 2a) (inseh] as long as meander modes are not tooRappel and Vincent Hakim for useful comments on early
damped. | also hope those results can be checked experimerersions of this manuscript. This work was supported in part
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